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RANDOM HOMOGENIZATION OF COERCIVE HAMILTON-JACOBI 

EQUATIONS IN ID 


HONGWEI GAO 

Abstract. In this paper, we will prove the random homogenization of general coercive non- 
convex Hamilton-Jacobi equations in one dimensional case. This extends the result of Armstrong, 
Tran and Yu when the Hamiltonian has a separable form H{p,x,uj) = H(p) + V{x^uj) for any 
coercive H{p). 


1. Introduction 

1.1. Overview. We study the Hamilton-Jacobi equation of the following form: 

jUt + H{Du, x,u) = 0 {x, t) G R'^ X (0, +oo) 

0) = 5f(x) X e R*^ 

The Hamiltonian H{p,x,u) is stationary ergodic and g{x) G BUC{IV^). The main issue in 
stochastic homogenization of Hamilton-Jacobi equation is to consider: for each e > 0, a; G H, let 
cn) be the unique solution of the equation: 

jul + H{Du’^, ^,uj) = 0 {x,t) E R'^ X (0, J-cxo) 

1 0) = g{x) X G R*^ 

Prove that for a.e. cu G H, as e —)■ 0, u''{t,x,u)) -E- u{t,x) locally uniformly and u{t,x) is the 
unique solution of the homogenized equation: 

jut + H{Du) = 0 (x, t) G R'^ X (0, J-cxo) 

1 m(x, 0) = (7(x) X G R*^ 

If H{p,x,u) is convex with respect to p G R*^, stochastic homogenization was proved in¬ 
dependently by Souganidis[9] and by Rezakhanlou-Tarver[7]. This result was extended to t- 
dependent case by Schwab [8] when the Hamiltonian has super-linear growth in p and by Jing- 
Souganidis-Tran[6] for Hamiltonians with the form a{x,t,uj)\p\. For those quasi-convex Hamil¬ 
tonians, Siconolfi and Davini [S] established the random homogenization in Id, and the general 
dimensional case was proved by Amstrong-Souganidis[2]. 

It remains an open problem that whether random homogenization still holds if the Hamil¬ 
tonian is non-convex. The hrst genuinely non-convex example of stochastic homogenization was 
provided by Amstrong-Tran-Yu[3] for a special class of Hamiltonians with the following typical 
form. 

H{p,x,uj) = (IpI^ — 1)^ -b U(x,cj), (p, x) G R'^ X R'^ 
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In one dimensional case, the same author established in another paper|3] the random homog¬ 
enization of separable Hamiltonians 

H{p, X, oj) = H{p) + V{x, u),{p,x) G R X R for any coercive H(p) 

Recently, Armstrong-Cardaliaguet[T] considered the homogenization of Hamiltonian H{p, x, u) 
that is homogeneous in p and with the assumption of unit range of dependence on {x, cn) (basically, 
it means that H{p,x,u) and H{p,y,u) are independent once \x — y\ > 1). 

This paper is aimed to extend the result of Amstrong-Tran-Yu|l] to general coercive H{p, x, u). 

1.2. Assumption and main result. Consider the Hamiltonian H{p,x,uj) that is continuous 
in (p, x) G R X R and measurable in ca G H. 

(Al) Stationary Ergodic: there exists a probability space (H, P) and a group of 

J^-measurable, measure-preserving transformations H —)■ H, i.e. for any x, p G R: 

Tx+y = TxOTy and P[Ty{A)] = P[A] 

Ergodic: A E T, A (A) = A for every z G R P[A] G {0,1}. 

Stationary: H{p, y, t^oj) = R(p, y + z^u) for any p, z G R and cu G H. 

(A2) Coercive: liminf ess inf H{p^x^u:) = +oo. 

|p|^+cx) (x,tj)GRxQ 


(A3) Local Uniformly Continuous: for any compact set iC C R, 

\H{p,x,uj) - H{q,y,uj)\ ^ pK{\p-q\ + \x-y\), (p,x,a;), (g,p, w) G A x R x U 
The above px is the modulus of continuity. 

Theorem 1.1. Assume (A1)-(A3) hold and g{x) G BUC{IV), for each e > 0 and oo G let 
u''{x,t,(^) be the solution of the Hamilton-Jacobi equation 

cu) = 0 (x, f) G R X (0, -fcxo) 

1 0) = (7(x) x G R 

Then, there is an effective Hamiltonian H{p) G C'(R) with lim H{p) = -|-cxo, such that for a.e. 

IpI^+oo 

o; G U, lim u^(x,t,u)) = u(x,t) locally uniformly andu(x,t) is the solution of the homogenized 

e^0+ 

Hamilton-Jacobi equation 

iut + H{Du) = 0 (x, f) G R X (0, -fcxo) 

|M(x,0)=g(x) x G R 

1.3. Main difficulty and main idea. Let’s first review the case of separable Hamiltonian, by 
approximation, we can assume H{p) has finite many wells. The main ingredients in the proof 
by Amstrong-Tran-Yu[l] are the following: (l)When the oscillation of V{x,u}) is larger than the 
maximal local oscillation of H{p), H{p) turns out to be quasi-convex. (2) If V{x,uj) has small 
oscillation, they introduced gluing lemmas, through which the Hamiltonian can be eventually 
reduced to the large oscillation case. 

For the general Hamiltonian H{p,x,u), there are several difficulties we need to overcome. 
First, unlike the separable Hamiltonian, the number of wells of H{p, x, uj) (as a function of p) 
depends on {x,u)). To solve this problem, we approximate H{p,x,u)) by Hamiltonians that have 
same number of wells for every (x, a;)(c.f. section [3]). 

Secondly, we need to find a way to characterize the oscillation when p and (x, uj) are mixed. 
After that, we can extend the above (1) and (2) to our general situation. 
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2. Preliminaries 


2.1. Stability of Homogenization. 

Definition 2.1. (Follow the definition in Armstrong-Tran-Yu [4]) H{p,x,u) is regularly homog- 
enizable at p G R if there exists an H{p) G R such that: for any A > 0, if V\ix,p, oj) G hF^’°°(R) 
is the unique viscosity solution of the equation 


Then 


( 2 . 1 ) 


for any R> 0, 


Xv\ -|- x,u) = 0 x G R 


u E : limsup max \Xvx{x,p,u) + H{p) \ = 0 
A^o 


= 1 


Remark 2.2. By Armstrong-Souganidis[2], with (Al), fl2.ll) is equivalent to the following iden¬ 
tity. 


cu G : lim |Ata(0,p, cu) + H{p) \ = 0 


A^-O 


= 1 


Remark 2.3. Homogenization with H{p, x, u) holds if H{p, x, uj) is regularly homogenizable for 
each p G R. If the cell problem at p is solvable, then H{p, x, u) is regularly homogenizable at p. 

Definition 2.4. Let G(p,x, w) : R x R x hi —R satisfy (Al), denote 

Ginf(p) := ess inf G{p,x,u)) Gsup(p) := ess sup G{p,x,u)) 

(x,aj)eRxO (a;,(.j)eRxD 

Lemma 2.5. If G{p,x,u)) satisfies (Al) and is continuous inx, Ginf(p), Gsup(p) G R, then for 
a.e. OJ E 12, 

Ginf (p) = ess inf G(p, x, oj) Ggup(p) = ess sup G(p, x, oj) 

^eR a;gR 

Proof. Fix p G R, denote g{x,oj) = G{p,x,u). For any a G R, define 
(2.2) Aa '.= {oj E VL ■. g{x, oj) > a for all x G R} 

Stationary implies r^Aa = Aa, for any ^ G R. By ergodicity, P[A„] = 0 or 1. Let Oq := 


sup{a : P[Aq] = 1}. By fl2.2p . oq = Ginf(p). Since P 
Then 


A 


“ 0 -- 


= l,n G N, P 


n 


n=l 


= 1 . 


Ginf (p) = ess inf G(p, x,oj) w G H ^ao-^ 


xGR 


n=l 


The other equality can be proved similarly. 


□ 


Lemma 2.6. Given uniformly coercive Hamiltonians {iL„(p, x, a;)}„>i [j{H{p, x, w)} that satisfy 
(Al), each Hn{p,x,u) has effective Hamiltonian Hn{p). And for a.e. oj E 12.- 

lim ||iL„(p, X, iv) — R(p, x, Ci;)||lcx,(^xR) = 0 for each compact set JF C R 

n^-l-oo ^ 

Then, H{p,x,oj) has effective Hamiltonian H{p) and lim Hn{p) = H{p)- 

n^+co 
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Proof. Fix p G R, for A > 0, let Vn,\{x,p,u)) and v\{p,x,u) be solutions of the following equa¬ 
tions: 


Xvn,x +Hn{p + v'^x,uj) = 0 Xvx + H{p + X, Uj) =0 


Then 


XVn^X G inf (p)) hrn,sup(p)] ^ [-^inf (p)) Rsup(p)] 

By uniform coercive, there is r = r(p), such that a;)|, |n^(a:,a;)| < r. 

Denote K := [p — r, p -|- r], then by comparison principle, 

|Ann,A(0,p,a;) - AnA(0,p,a;)| ^ sup |Ann,A( 2 :,p,a;) - AnA( 2 :,p,a;)| 

xgR 

^ -,1^) — •,l^)||L°°(iCxR) 

Boundedness of —Xvn,x implies {if„(p)}^^^ is bounded. For any subsequence there 

is a sub-subsequence {nj^f\k^l, such that hm R„^.^(po) = h*. Then 


|(-AnA(0,p,a;)) - h*| ^ (-AnA(0,p,a;)) - (^-Ann,'^,A(0,p,a;)j 

+ (-Ann^.^,A(0,p,a;))-Rn.^(p) + Hn.^{p) - h, 

^ hTrij, i't /■ \ 

■’'= L°°[Kxn) 

+ (-A'yn,,,A(0,p,a;)) - Rn.^(p) + Hn.^{p) - h, 

=: 0 + @ + @ 


For any e > 0, when k is large enough, Q < |, and 0 < |. Fix such fc, there is some 
Ao = Ao(fc), such that, @ < f as long as 0 < A < Aq. Thus lim —AnA(0,p, w) = h*, so R(p) = h*. 

The above limit is independent of the choice of {rijjjj,!, then lim Hn{p) = h^. Thus 


lim Hn{p) = H{p) 

n—)-oo 

□ 


Remark 2.7. Based on this lemma, we can construct the approximation of H{p,x,uj) by con¬ 
strained Hamiltonians(c.f. Dehnition 13.2p . this is the hrst step of reduction in this paper. 

Corollary 2.8. Let H{p,x,uj) satisfy (A1)-(A3) and fix po G R. 

(1 )IfH{p, X, u) is regularly homogenizable on {—oo, po) and H (p) is continuous, then H (p, x, u) 

is also homogenizable at po and hm H{p) = H{po). 

P^Po _ 

(2)If H{p, X, u) is regularly homogenizable on (po, -|-cxo) and H{p) is continuous, then H{p, x, u) 
is also homogenizable at pq and lim H{p) = H{pq). 

P^Po 

Proof. Only prove (1), since the proof of (2) is similar. For any 6n —)■ O’*", denote 

Hn{p, X, Ul) -.= H{p- 5n, X, Uj) 

By assumption, Hn{p,x,u) is regularly homogenizable at po. According to (A3), for each 
a; G D and compact set K C R, we have hm ||Fr„(p, x, a;) — R(p, x, a;)||ioo(^xR) = 0. 
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Lemma [2.61 implies H{p,x,u) is regularly homogenizable at po and 

H{pq)= lim Hn{po,x,u)= lim H{po-6n,x,u) 

n—¥-\-oo n^+cxD 

This is true for any sequence (5„ —?■ O’*", so 

lim H{p,x,u)) = H{po,x,u)) 

P^Po 


□ 


2.2. Comparison Principle. 

Lemma 2.9. Let H{p, x, uj) satisfy (A1 )-(A3), for i? > 0, 1 S> A > 0, p G R, /et u and v both 
he viscosity solutions of the equation 

A7 + R(p + 7',x,u;) = 0 x e [-f, f ] 

If there is a constant M = M{p) > 0, such that |Au| + |Au| ^ M{p). Then, there is a constant 
C = C{p) > 0, such that 


R 


R 


Proof By |Am| + |Au| ^ M{p), H{p + u',x,u) ^ M{p), H{p + v',x,u) ^ M{p). 
By (A2), there is some r = r(p) > 0, s.t. \u'\, |u'| ^ r(p). 

By (A3), there is some 6 = 5{p) > 0, s.t. \H{qi,x,uj) — H{q 2 ,x,uj)\ < 1 if 


gi,g2 e 


, , M(p) , , M(p) 

p — r[p) - -—,p + r[p) ■' 


R 


R 


Dehne w{x) := v + + 1 + ^ 77 ^, then \w'\ ^ r{p) + 


M(p) 


\qi -q2\ <d 

M{p) 

R ■ 

Thus H(p + w', X, u) {p + v', x, u) — and we have the following. 

\w + H{p + w',x,bj) = An H-+ !+ ,-/ + H{j) + w', x, u) 


5(p)R\ ’ 


Moreover, 


^ An + 
> 0 

|Am| + |An| ^ M{p) = 


R 
XM{p) 
R 


6{p)R 

VW^+T^ + H{p + R,x,u) - 


6{p)R 


6{p)R 


, , M(p) 


hl=x 


By comparison principle, w{x) ^ u{x), x G [—j, y] • So 


Similarly, 






Thus when A ^ 1, let C{p) = then for x G [—j, y], we have 


I An — An I ^ 


AM(p)y^|xP”+T ^ C{p)M{p) ^ M{p)^,J\x\^ + 1 ^ C{p)M{p) 


R 


+ 


R 


R 


+ 


R 


□ 
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3. Reduction by constrained Hamiltonian with index (L, L) 

3.1. Approximation by cluster-point-free Hamiltonians. Let H{p,x,u) satisfy (Al)- 
(A3) and denote 


h[''\x,Uj) := H (-,X,u\ £n = 


Let = {gl"'\x,u})}_n‘^^i^n^ be another family of stationary functions and define 

f 9^-12 - hfri pe{-oo,-n) 

^£^,s+ a;, o;) := i {np - i) gll\ - hg + {i + 1 - np) gf'^ - pe 

pe{n,+oo) 

So A£^£+{p,x,u) is a stationary function and is continuous with respect to {p,x). 

Lemma 3.1. If H{p,x,uj) satisfies (A1)-(A3), then there is ai, cu)}„= 2 j jeN; such that 

(1) H^'^\p,x,uj) satisfies (A1 )-(A3), Vn = 2fij e N. 

(2) For —n^ ^i ^ ( as functions of x, have no cluster point. 

(3) \\H{p,x,uj) - H^'^\p,x,J)\\L^(ji,^n,^n) < 

Proof. For each e > 0, —^ i ^ denote 


H,{^,x,u;) := ^J^e 2 . H{^,y,uj)dy 


By (Al), either has no cluster for a.e. u E Q or cu) has cluster for a.e. 

u G H. 

If (^^,x,u'j has a cluster point xq, without loss of generality, we can assume xq = 0 and 
(^, OjCj) = 0. Then (^, 0,a;) = 0, fc = 0,1, 2, • • •, which means 


y^e {-,y,uj]dy = 0 


'R 


n 


By Fourier analysis, we have H (^^,x,cj) = 0. Denote 


Di ;= — 

^ ' 2a 


-42 


i=i 


Then D is dense in R, if H^{d,x,u)) has a cluster point for all d E D, then H{d,x,u)) is 
independent of {x,u) for all d E D. By continuity, H{p,x,u) is independent of {x,u)) for all 
p G R, so it is already homogenized. 

Thus, assume for some do E D, Hfido,x,u)) has no cluster point. Since Dj is increasing, 
without loss of generality, assume do = 0 G j G N. For j G N and —R ^ i ^ R, define 

( 2 :/) JiL(R,x,Ci;) ifFr(R,x, w) has no cluster point 

’ \ H (fj, x,uj) + -TT H (fj,x,u) has a cluster point 


Denote 




( 2 L/ 
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We can finish the proof by dehning 

X, u) := H{p, X, u) + {p, x,u) n = 2^ 


□ 


3.2. Approximation by constrained Hamiltonians. In this subsection, we hnd a way to 

approximate H{p,x,u) by {Hn{p,x,u)}n^i in the sense of Lemma fIM. Here each Hn{p,x,u)) is 
constrained in the following sense. 


Definition 3.2 (Constrained Hamiltonian). A Hamiltonian H{p,x,uj) is called constrained if it 
satishes the following (l)-(5). 

(1) There is /c G N and —oo < Oi < 6i < 02 < &2 < • • • < Ofc-i < < Ofc < +C) 0 . 

(2) For each {x,uj), H{p, x,uj)\^_^^ai), H{p,x,uj)\^b^,a 2 ),- ■ ■ ,H{p,x,uj)\^b^,_i,a^,) are decreasing. 

(3) For each (x,a;), H{p, x,uj)\^a^„+oo), H{p,x,uj)\^ak_^,bk_i),- ■ ■ ,H{p, x,uj)\{ai,bi) are increasing. 

(4) iL(p, X, u) is Lipschitz with respect top(with Lipschitz constant £), uniformly in {x, oj) e R. 

(5) Each of H{ai,x,u)), H{hj,x,u)),l ^ i ^ k,l ^ j ^ k — 1 has no cluster point. 

Lemma 3.3. If H{p,x,u) satisfies (A1)-(A3), then for n = 2fij E N, there is Hn{p,x,u)), 
such that 

(a) {H{p,x,u)}n^i is uniformly coercive. 

(b) Each Hn{p,x,uj) satisfies (A1)-(A3). 

(c) Each Hn{p,x,u}) is constrained. 

(d) Eix any 5 > 0. Then for any compact set K C R, there is an N E N, 


Hn{p,x,u) - H{p,x,uj)\\L^(Kxn.xn) < d if n > N 


Proof. According to Lemma [3.11 without loss of generality, we can assume each of H (^^,x,uj, 
—n^ ^ i ^ has no cluster point. We construct Hn{p,x,u)) by the following procedure. 

STEP 1: For each p E (— 00 , n) U (n, 00 ), dehne 


Hn{p,x,u) 


Ip + n| + H{—n, X, oj) 
Ip — n| + H{n,x,u)) 


p E {— 00 , —n) 
p E (n, +CX)) 


STEP 2: For /c = 0,1, 2, • • • , 2n^, dehne 





H 



STEP 3: For i = 0,1, 2, • • • , 2n^ — 1, dehne 


i 1 


n 2n 


Hn —n H-h —, x, cj = max < H —n H— ,x,uj ] , H \ —n H-, x, u 


n 


i + 1 


n 


STEP 4: For i = 0,1, 2, • • • , 2n^ — 1, 

(l)If p G (—n + —n + ^ + ^), then there is some 6 E (0,1), such that 

1 \ 


Then we dehne 


p = 9 X -n+- +(l-6')x -nH-h — 

V n J \ n 2n J 


Hn{Pi X, u) = 9H ( —n H— ,x,u\ + (1 — 9)H ( —n H-h —, x, u 


n 


\ n 2n 


1 

n 
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(2)If p e (—n + ^ —n + ^), then there is some 6 G (0,1), such that 


p = 9 X i —n H - 1 - ) +(1 — 6*)x ( —n + 

n2n 


i + 1 


n 


Then we dehne 


Hn{p,x,uj) = 9H \-n + ;^ + + 


i + 1 


n 


(a) Since H{p,x,u)) satishes (A2), {Hn{p,x,u))}n^i is uniformly coercive. 

(b) By (Al), H [—n + ^, x,uj) is stationary, for k = 0,1,2,-■■ ,2n^. So, Hn{p, x,uj), as a 
linear combination of these functions, is stationary and satishes (A1)-(A3). 

(c) By the above construction, such Hn{p, x, cj) is constrained with 2n^+l wells. And Hn{p, x, uj) 
has Lipschitz constant £ = 1 + np [_„2 „ 2 ](^) in p variable, uniformly in {x,uj) G R. 

(d) By (A3), there is A G N, such that N > ^, K C [—A, A] and 

p,q e K,\p-q\ < ^ ^ \H{p,x,u) - H{q,x,u)\ 

To prove (d), it suffices to show that: hx any fc G {0,1, 2, • • • , 2rP — 1} 

\\Hn{p,x,u}) — A(p,X,cn)II< S 

Denote 

k k 1 k + 1 

Pi = -n+-, p 2 = -n^ -h —, P3 = -n H- 

n n 2n n 

Without loss of generality, assume that 

H {pi,x,u:) ^ H (p 3 ,x,a;) 

Case 1: p G A n (pi,P 2 )- Then there is some 6 G (0,1) such that p = 6pi + (1 — 9)p2, 
\Hn{p,x,u:) - H{p,x,u:)\ = \Hn{9pi + {I - 9)p2,x,u:) - H{0pi + {I - 9)p2,x,u:)\ 


9H{pi,x,uj) + (1 - 6*) 


H{p3,x,uj) + 


n 


-H{9pi + (1 - 9)p2,x,u) 

^ e\H{pi,x,uj) - H{epi + (1 - e)p2,x,uj)\ 


+ (1 - 9)\H{p-i,x,u) - H{0pi + (1 - 9)p2,x,u)\ + 


l-O 


n 


< 6 


Case 2: p G A n (p 2 ,P 3 )- Then there is some 9 G (0,1) such that p = 9p2 + (1 — 9)p3, 
\Hn{p,x,uj) - H{p,x,uj)\ = \Hn{9p2 + {I - 9)p3,x,uj) - H{9p2 +{1 - 9)p3,x,uj)\ 


9 


H{p3,x,u) + - 


n 


+ (1 - 9)H{p3,x,uj) 


-H{9pi + (1 - 9)p2,x,u:) 


Q 

^ |A(p 3 ,x,a;) - H{9pi + (1 - 9)p2,x,u) \ + - 

n 

< 6 
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The above is true for all fc = 0,1, 2, • • • , 2n^ — 1, thus 

\\Hnip,x,uj) - H{p,x,uj)\\lo-(kxRxR) < S 


□ 


Remark 3.4. By Lemma fIM and Lemma [T3l to prove Theorem ll.il it suffices to consider such 
Hamiltonian H{p,x,u) that is constrained ([32]) and satishes (A1)-(A3). So in the following 
sections, we only consider constrained Hamiltonians. 

3.3. Constrained Hamiltonian with index {L,L). 

Definition 3.5. H{p,x,u}) is called constrained Hamiltonian with index {L,L) if 
{l)H{p,x,u)) is constrained fl3.2p . 

(2) (ai, bi, 02, 62, • • • , ak-u h-u ak) = {pu 5 i,P2, g2, • • • ,P'Z> Ql^Pl, Ql-uPl-i, • • • , quPi)- 

(3) ess sup H{pi, x,u) > 0,1 ^ i ^ L; ess sup H{0, x, u) = 0; ess sup H{pj, x,u) > 0,1 ^ j ^ L. 

(4) Each of H{ai,x,uj), H{hi,x,uj),l has no cluster point. 

Remark 3.6. Apply perturbation and shift coordinates if necessary, it suffices to consider 
homogenization of any constrained Hamiltonian with index {L,L). The following example is 
a constrained Hamiltonian with index (1,2). 



Figure 1. Constrained Hamiltonian with index (1,2) 

Notation 3.7. Let H{p,x,u) be a constrained Hamiltonian with index {L,L). 

(1) For each {x,u)), denote monotone branches of H{p,x,uj) by 

-^|[pi,oo) •— 01,(x,tj)(p)) ^\[qi,Vl\ 4^2 ,(x,lj){p)i ■■■ ) 4^2L+1,(x,u){p) 

H\[-ao,pi) ■= (j^l,{x,uj){p)i ■= (j^2,(x,uj){p)i ^2L+l,{x,u})(P) 

(2) Denote inverse function of each branch by 

(3) Denote local extreme values by 

mi{x,u) ;= H{pi,x,u) fhi{x,u) := H{%,x,u) 

Mi{x,uj) := H{qi,x,uj) Mi{x,uj) := H{qi,x,oj) 
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(4)Define two functions 


(3.1) 

m(x, u) 

:= min | 

min mi{x,uj), min mj[x,uj) > 

IsgisJL l^j^L J 

(3.2) 

M{x,u) 

:= max < 

max Mi{x,uj), max Mj{x,u) 1 
IsSjXL J 


4. Auxiliary Lemmas for Gluing Lemmas 


4.1. Estimation of Gradient. 

Lemma 4.1. Let Hamiltonian H{p,x,u)) satisfy (A1)-(A3) and he regularly homogenizable at 
Po, for each A > 0, let vx{x,po,u)) be the viscosity solution of the eguation: 

Xvx + H{po + v'x,x,cj) = 0 

fix P G R, denote P := ess inf H{P,x,u)) and P := ess sup if (P, x, a;), then, there is an fl (Z fl 

(x,Uj) 

with P[D] = 1, such that, for each co G D, the following hold. 

(1) //ii(po) < P, Po < P, then for any R> 0, there is Aq = Xo{R,po,u)) > 0, 

0 < X < Xo ^ Po + P)^{x,po,uj) ^ P 

(2) //ii(po) < P, Po > P, then for any R> 0, there is Aq = Xo{R,po,u) > 0, 

0 < X < Xq Po + Vx{x,po,uj) ^ P 

(3) //P(po) > P, Po < P, then for any R> 0, there is Aq = Xo{R,po,u)) > 0, 

0 < A < Ao ^ Po + ^ P 

{4:)If H{po) > P, Po > P, then for any R> 0, there is Aq = Xo{R,po,u)) > 0, 

0 < X < Xo ^ Po + v'x{x,po,uj) ^ P 
Proof of periodic case. (l)For po, we have the cell problem 

H{po + v',x) = H{po) 

Suppose (1) is not true, then there is Xi G [0,1], such that po + v'{xi) > P. On the other 
hand, 

2 

Po + v\x) — Pdx = Po — P < 0 

So there is some pi G [1,2], such that po + v'{yi) — P < 0. Then T(x) ;= po + v{x) — Px 
attains local maximum at some Zi G [xi,yi\, so 

P^H{P,zi)^H{po)<P 

This is a contradiction, so we proved (1). The proofs of (2) (3) (4) are similar. □ 

Proof of random case. (l)If it is not true, then there is C D, P[Di] > 0, for any u G Di, 
there are Pi = Ri{po,uj) > 0 and A„ —)■ 0 such that 



Po + v'x^{xx„,po,ui) > P for some Xx„ G 
Denote <5 := P — po > 0. For any P > 0, we have 


^ An 


A 


* A 


P J 21 

A 


n^(s, u)ds 


< 


2(Psup(Po) Pinf(Po)) 


P 
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Fix any R 2 = i? 2 (Po) > thus for any R 2 , we have 


A 




R Js± 

A 


Vx{s,Po,ui)ds 


So 


This implies 


An j 

R 2 

An 


^ 2+^1 


< - for any A > 0 


5 


Po + v';^^{s,po,uj) - Pds ^Po-P + -<^ 


Po + v'xjyx„,uj) -P <0 for some yx^ e 

Denote \h(a:,a;) = PqX + vx„{x,u) — Px, then 

T(a;,cu) is increasing (decreasing) in a neighborhood of Xx^iyxr,) 
Since xx„ < yx„, attains local maximum at some zx„ € ( 2 ^ a „, 2 / a „)- So 

(4.1) XnVx„{zx^,uj) + H{P,zx„,uj) ^0 

Since H{p,x,u)) is regularly homogenizable at po, there is 112 C D, s.t. P[ll 2 ] 
limsup sup |AnA(a;,<^) + H{po)\ = 0 for each 00 E Q 2 

A^-O |^|^ Jti+fi2 


Denote r := 

(4.2) 


P — H{pq) > 0, D := Di n ^ 2 - So there is some Ni{u), 


T 


sup \\nVx^ + H{po)\ < - for any Ni 


1 , 


P[Di] > 0,P[D2] = 1 ^ P[ll] >0 ^ D ^ 0 
Choose any cu G D and n ^ iVi(a;), by fl4.ip and fl4.2p . 

P < H{P,ZX^,U}) ^ -XnVx^{zxr,,i^) ^ H{po) + i= £-r+f = P- f 
This is a contradiction. Thus (1) is proved. The proofs of (2) (3) (4) are similar. 

□ 


Lemma 4.2. Let Hamiltonian H{p,x,uj) satisfy (A1)-(A3) and he regularly homogenizable at 
Po eR to H{po), for each X, let vx{x) be the viscosity solution of the following eguation: 

Xvx{x) + H{po + v'y^{x),x,u) = 0 


For P, Q G R, denote 

P := ess inf H{P, x, u) 

{x,Uj) 

Q := ess inf H (Q, x, 00 ) 

(x,a;) 


P := ess sup H (P, x, oj) 

{x,Uj) 

Q := ess sup H{Q, x, u) 

{X,LJ) 


Then, there is an Q G Ll with P[ll] = 1, such that for each u E Cl, the following hold. 
(l)//po < P, P < Q and P < Q, then for each R > 0, there is Aq = Xo{R,po,u), 

0 < A < Ao ^ Po + v'^{x) X E [-f , f ] 


{2)If Po < P, P < Q and P>Q, then for each R > 0, there is Aq = Xo{R,Po,^z), 
0 < A < Ao ^ Po + £(£ X E [-f, f ] 
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(3) //po > P, P > Q and P < Q, then for each R > 0, there is Aq = Xo{R,po,uj), 

0 < A < Ao ^ po + v'x{x) ^ Q X e [-f, f ] 

(4) //po > P, P > Q and P>Q, then for each R> 0, there is Aq = \o{R,po,u), 

0 < A < Ao ^ Po + v'^{x) ^ Q X e [-f , f ] 

Proof (l)Case 1: H{po) < P_, apply (1) of Lemma 14.11 to {po,P). 

Case 2: H(pq) > P, apply (3) of Lemma KJ \ to {po,P). 

Case 3: H{po) G [P.,^, apply (1) of Lemma 14.II to {po,Q). 

The proofs of (2) (3) (4) are similar. 

□ 



Figure 2. Squeeze 


4.2. Squeeze Lemma. 

Lemma 4.3. Let H{p,x,u) satisfy (A1)-(A3) and be constrained with index {L, L), if H{p,x,u)) 
has effective Hamiltonian H{p) with H{q) = 0, then the following are true. 

(l)//g > 0 and iL|(q_+oo) > 0, then H{p) = 0 for all p G [0,g]. 

{2)Ifq < 0 and iL|(_oo,q) > 0, then H{p) = 0 for all p G [^jO]. 

Proof. (l)Recall the notation (13.1 p and H{p,x,u) is constrained with index {L,L), we have 
(4.3) E[m(a;,a;) > 0] > 0 

Denote: 



:= ess inf Mi{x,u)) 

M+ 

:= max Mj 


{x,oj)G'RxD. 


- 


:= ess inf Mi{x,u)) 

M- 

:= max Mi 






Case 1: mini M+ . M I > 0. Denote 

/c_i_ = max{l ^ i ^ L\Mi >0} /c_ = maxjl ^ f ^ L\Mi > 0} 













RANDOM HOMOGENIZATION OF COERCIVE HAMILTON-JACOBI EQUATIONS IN ID 


13 


{ C\p-qk_\+H{qk_,x,u:) p E {-oo,qk_) 

H{p,x,uj) pE[qk_,qk+] 

C\p-qk+\+H{qk+,x,u) pE{qk+,+oo) 

By section [HI H{p,x,uj) has a level-set convex effective Hamiltonian H{p) ^ 0 with H{0) = 0. 
For any A > 0, let Vx{x,q,u) and V\{x,q,u)) be solutions of the following equations: 

Xvx + H{q + v'x,x,u) = 0 Xvx + H{q -f- x, w) =0 

Claim: qk_ < q < qk+ ■ 

Proof of the Claim: Suppose it is not true. 

(I)If q = qk_f_, then 0 = H{q) = H{qk_^_) ^ Mkj^ > 0, this is a contradiction. 

(Il)If q > qk_f_. The arguments are divided into the following (ITl), (II-2) and (II-3). 

(II-l)By Lemma l4.ll there is hli C hi, P[hli] = 1 such that if a; G hli, then for any i? > 0, 
there is Ai = \i{R,q,u)) > 0, 

0 < X < Xi ^ q + v{{x,q,u) ^ qk+ x G [-f, f ] 

(II-2)By fl4.3p . there are 5 > 0 and r > 0 such that E [m{x,u) > 5] = r. By ergodic theorem, 
there is Q 2 C hi, P[f 22 ] = 1- For each a; G 122 and R> 0, 


2A 


lim — / 


\R0 R /_H 

A 

So there is some A 2 (i?, q,u)) > 0, such that 


{x)dx = E [m(x, cu) > S] = r 


0 < A < X 2 {R, q, oj) 


2 A n 


T 


R 




(II-3)Since H{q) = 0, there is his C 12, P[ 123 ] = 1. For each cu G I 23 and i? > 0, there is 
X 3 = X 3 {R, q, u) > 0, 

0 < A < A 3 |ATA( 2 ;,g,n;)| < 5 a: e [-f, f] 

Let X{R,q,u) := mm{Xi{R,q,u),X 2 {R,q,uj),X 3 {R,q,u))} > 0, 12 := r2if]122n^3) then 
P[12] = 1, for each w G 12, when A < X{R, q, oj), there is xx G [—-f , j] , m{xx, oj) > 5, 

6 < m{xx,uj) ^ H{q + nl(xA, q, uj),Xx, ui) = -Xvx{xx, q,uj) < S 

This is a contradiction. (The second inequality is because we have q + v'^^xx, q, oj) ^ qk+)- So, 
Q < (lk+- Similarly, we can prove qk_ < q. This ends the proof of the Claim. 

By Lemma l4Tl there is 12, P[12] = 1. For w G If and any i? > 0, there is A(i?, g, u) > 0, 
0<A<A ^ qk+ <q + v{{x, q, u) ^ qk+ x E [-f, f ] 

So 

Ata( 2:, g, uj) + H{q + v'^(x, q, cj), x, u;) = 0 xE [-f, f ] 

By Lemma [2.91 there is some constant C > 0, such that 

C 


|ATA(0,g,a;) - AFA(0,g,a;)| ^ 


R 


R > 0 can be chosen arbitrarily large, then 


R(q) = lim — AFa(0, q, oj) = lim — Ata(0, g, oj) = H{q) = 0 

A^O A->-0 






14 


HONGWEI GAO 


By level-set convexity of H{p) and H{0) = 0, -^f|[o,g] = 0. Since H{p,x,uj) ^ H{p,x,uj), 

H{p) ^ H{p). On the other hand, H{p) ^ 0. So -ff|[o,g] = 0. 

Case 2: min I M+ , M~ | ^ 0 < max j M"*" , M~ |. 

Constrnct H(p,x,u) by modifying one side and similar argnments thereafter. 

Case 3: max IM+.M"I ^ 0. 

By section IHl H{p) is level-set convex. Define H{p,x,u)) := H{p,x,u)) and apply the result of 
Case 1. This ends the proof of (1). 

The proof for (2) is similar. 

□ 

5. Reduction by constrained Hamiltonian with index (L, 0) and (0, L) 

Let H{p,x,u}) be a constrained Hamiltonian that satisfies (A1)-(A3). Define 


H+{p,x,uj) 


H{p, x,u)) p ^ 0 

C\p\ + H{0,x,u}) p<0 


H {p,x,uj) 


C\p\ + H{0,x,u)) p^O 
H{p, x,u) p < 0 


Lemma 5.1. If both H~^{p,x,u) and H {p,x,u}) are regularly homogenizable for allp G R, then 
H{p,x,u)) is also regularly homogenizable for all p E H and 


H{p) 


H+{p) p ^ 0 

H~ (p) p < 0 


Proof. Fix p ^ 0, cu G D and A > 0, let vx{x,p,u)) and v+^\{x,p,u)) be solutions of the equations 
Xvx + H{p + x,u) = 0 At+^a + H^{p + x,u) =0 
By H~^{p,x,u) ^ H{p,x,u), ess sup H{p,x,u)) ^ 0 and comparison principle, we have 

(x,w) 


liminf — An+ a(0,p, cn) ^ liminf — AnA(0,p, cn) ^ 0 

A^O ’ A^O 


Thus, if H~^{p) = 0, then H{p) = 0. Since H+(0) = 0, we can only consider the case: p > 0 
and H~^{p) > 0. By Lemma l4Tl for a.e. cn G D, any R > 0, there exists Aq = Xo{R,p,u) > 0, 
such that 


0 < A < Ao p v+^x{x, , cj) ^ 0 X E [-f, f ] 

So An+,A + H{p + vf ;^,x,uj) = 0,Wx E [— y, y] • By Lemma 12^ there is a constant C > 0 and 


|An+,A(0,p,a;) - AnA(0,p,a;)| ^ — 

Since R can be chosen arbitrarily large, 

lim — AnA(0,p, oj) = lim — An+ a(0,p, oj) = H+{p) 

A^O A->-0 ’ 


So H{p) = H+{p),p ^ 0. Similarly, we can prove H{p) = H {p),p ^ 0. 


□ 


Remark 5.2. By Lemma 15.11 to prove the homogenization of a Hamiltonian that satisfies 
(A1)-(A3) and is constrained with index {L,L), it suffices to study those Hamiltonians that 
have index (0, L) or (L, 0). Without loss of generality, in the following sections, we only consider 
the Hamiltonian under assumptions (A1)-(A3) and be constrained with index (0,L). 
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6. Gluing Lemmas: reduction from small oscillation to large oscillation 


In this section, H{p,x,u) satisfies (A1)-(A3) and is constrained with index (0,L). Denote 
M := ess inf M{x,u) fn := esssnp m{x,u) 

{x,uj)&Rxn {x,Lj)&Rxn 

There are 1 ^ k,k ^ L, snch that 

M := ess inf Mk{x,u)) m ■= esssnp m-^{x,u)) 

{x,ui)eRxQ, {x,uj)&Ilxn 


Definition 6.1 (Oscillation). Let H{p,x,u}) be constrained fl3.2l) and satisfies (A1)-(A3). 
{l)H{p, X, u) has small oscillation if M ^ m. 

{2)H{p, X, oj) has large oscillation if M < m. 

Throughout this section, we assume small oscillation and denote 

P ■=Pk Q-=(lk 


6.1. Left Steep Side: M > m and P < Q. Define 


Hi{p,x,uj) 


H3{p,x,uj) 

H2{p,x,uj) 


H{p,x,oj) p^Q 

C\p - Q\ + H{Q,x,uj) p>Q 


\H{p,x,uj) P^q-k 

\P\P- qk\+ H{qk,x,u;) p < qj, 
max{Hi{p, x,uj),H3{p,x,uj)} 



Figure 3. Left Steep Side 

Lemma 6.2. Assume Hi{p, x,u),i = 1, 2, 3 are all regularly homogenizable for any p G R. Then 
H{p,x,u) is also regularly homogenizable for any p G R and 

H{p) = min { (p), R3 (p)} 
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Proof of the periodic case. For any p G R, we have the cell problem 
(6.1) H{p + v'{x),x) = H{p) 

Proof by contradiction, if there arexi,a;2e [0,1], such that p + n'(xi) > Q and p + v'{x 2 ) <P. 
Then px + n(a;) — Qx attains local maximum at some yi G (xi, 012 + 1 ) and px + v{x) — Px attains 
local minimum at some 1/2 G {x 2 ,Xi + 1). Thus we get a contradiction from equalities: 

min H{Q,x) = M ^ H{Q,yi) ^ H{p) ^ R(P, 1/2) ^ m = max H{P,x) 

3;e[o,i] xe[o,i] 

Thus, either p + v'{x) ^ Q for all x G [0,1] or p + v'{x) ^ P for all x G [0,1]. By fib.ip . either 
H{p) = Hi{p) 01 H{p) = H^{p). On the other hand, since R(p, X, cj) = min{Ri(p, x, ca), R3(p, x, ca 
by comparison principle, we have H{j)) ^ Eventually, we conclude 

H{p) = {H[{p),Th{p)} 

□ 


Proof of the random case. Decompose R into three parts. 

(l)If p G (—00, P), then Pd{p) = Hi{p). 

For each ca G D and A > 0, let v\{x,p,u)) and vi^x{x,p,u)) be solutions of the equations 
Xvx + H{p + v'^,x,uj) = 0 Ani,A + Hi{p + ;^,x,a;) = 0 

By Lemmathere is D C D, P[D] = 1. For ca G D, any P > 0, there is Aq = Xo{R,p,u)) > 0, 
0 < A < Ao ^ p + ni,A(a;,P,u;) ^ Q ^ ^ f] 

Thus, for 0 < A < Ao(P, p, w), 

Xvx + H{p + v'^, X, u) = 0, Axi^a + H{p + x, ca) = 0 x G [-f , f ] 

By Lemma 1231 there is O = 0(p), such that 

C 

|AnA(0,p,w) - Ani,A(0,p,a;)| ^ — 

Since R can be chosen arbitrarily large 

lim —Xvxid^p^uj) = lim — Ani,A(0,p, a;) = Hi{p) 

A^0+ A^0+ 

Thus H{p,x,u)) is regularly homogenizable at p and H{p) = Hi{p), p E {—oo,P). 

{2)p G (Q, cx)), then H{p) = Hs{p). 

For each a; G D and A > 0, let Vx{x,p,u)) and V 3 ^x{x,p,u) be solutions of the equations 
Xvx + H{p + X, cj) = 0 An 3 ,A + H 2 .{p + x, ca) = 0 

By Lemma 14.21 there is D C D, P[D] = 1. For ca G D, any P > 0, there exists some 
Ao = Xo{R,uj,p) > 0, 

0 < X < Xo ^ p + v'^^^{x,p,u) ^ P xG[-f,f] 

Thus, for 0 < A < Ao(P, p, ca), 

Xvx + H{p + v'^, X, uj) = 0, Xv 3 ^x + H{p + x,u) = 0 a; G [-f , f ] 

By Lemma 1231 there is O = 0(p), such that 

C 

|AnA(0,p,a;) - An3,A(0,p,a;)| ^ — 
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Since R can be chosen arbitrarily large 

lini -AnA(0,p,a;) = lini -An 3 ,A( 0 ,p,a;) = i^ 3 (p) 

A^0+ A^0+ 

Thus H{p,x,u) is regularly honiogenizable at p and H{p) = Hs{p), p G {Q, oo). 


(3.1)Denote: 

A:= [p e (P, Q)\rn < H 2 {p) < M ] 

Fix any p E A, for any A > 0, let V\{x,p,u),V 2 ,\{x,p,u)) be solutions of the equations: 

Xv\ + H{p + v'x, x,u) = 0 Xv 2 ,\ + H 2 {p + n 2 ,A) x,u) = 0 

By Lemma ITTl for each w G ff, any P > 0, there is Aq = Xo{R,p,u) > 0, s.t. 

0 < A < Ao P ^p + V2^^(x, u) X e [-f, j] 

So 


Aua + H{p + v'x, X, u) = 0, Xv2,a + R(p + n2,A’ 2 :, ^) = 0 a: G [-f, f ] 

By Lemma 1231 there is C = C(p), such that 

IXva(0,p,u) - Xv2,a( 0,p,u)l ^ — 

Since R can be chosen arbitrarily large 

lim -AnA(0,p,c<;) = lim -Xv2,x(0,p,u;) = R 2 (p) 

A^0+ A^0+ 

Thus H{p,x,u) is regularly honiogenizable at p and H{p) = H 2 {p) ^ {Pi(p), P3(p)}. On the 
other hand H{p) ^ min{Pi(p), P3(p)}. So H{p) = Hi{p) = H 2 {p) = H 3 {p),p E A. 


(3.2) For p G R, if Pi(p) < M, then H{p) = Hi{p). 

The assumption Hi{p) < M implies p < Q. By Lemma [4.11 for uj E fl, any P > 0, there is 
-^0 = > 0, such that 

0 < A < Ao p + Ani,A(3^, p,u) G [-f, f ] 

So 

Xvx + H{p + v'^, X, u) = 0, Ani,A + H{p + x, cu) = 0 a; G [-f, f ] 

By Lemma 1231 there is O = 0(p), such that 

C 

|A'i;a(0,p,u;) - Ani,A(0,p,a;)| ^ — 

Since P can be chosen arbitrarily large 

lim —AnA(0,p, cj) = lim — Ani,A(0,p, ca) = Pi(p) 

A^0+ A^0+ 

Thus H{p,x,u)) is regularly homogenizable at p and H{p) = Pi(p). 

(3.3) For p > P, if P3(p) > Pf, then P(p) = H 2 ,{p). 

By Lemma ITTl for each cu G O, any P > 0, there is Aq = Ao(P,p, ca) > 0, such that 
0 < A < Ao ^ p +An3,A(a:,p,a;) ^ P a;G[-f,f] 




18 


HONGWEI GAO 


So 

\vx + H{p + v'^, X, Uj) = 0, Xv 3 ^x + H{p + x,uj) = 0 a; e [-f, f ] 
By Lemma 1231 there is C = C{p), such that 

C 

|AuA(0,p,a;) - Au3,A(0,p,a;)| ^ — 

Since R can be chosen arbitrarily large 

lim -AnA(0,p,a;) = lim -An 3 ,A( 0 ,p,a;) = H;i{p) 

A^0+ A^.0+ 

Thus H{p,x,u) is regularly homogenizable at p and H{p) = H^^p). 


(3.4) For p < Q, ii H^i^p) < M, then H2{p) = H^i^p) < M. 

By Lemma l4Tl for each cu G hi, any i? > 0 , there is Aq = Xo{R,p,u)) > 0 , such that 

0 < A < Ao ^ p + n3_A(^)P)^)) ^ 

Here, for any A > 0 , n3^A is the solution of the equation 

An3,A + Hsip + 1^3,A’ = 0 

However, by the above upper bound, 

Xv 3 ^x +H 2 ip + V 3 ^x^x,u;) = 0 

Suppose for any A > 0 , V2^xix,p,u) is the solution of the equation: 

Xv2,x + H2 {p + n2,A’ 3^, = 0 

By Lemma [231 there is (F = C(p), such that 

C 

|An2,A(0,p,a;) - An3,A(0,p,a;)| ^ — 

Since R can be chosen arbitrarily large 

H2{p) = lim -An2,A(0,p,a;) = lim -An3,A(0,p,a;) = H'i^p) 

A^.0+ A^0+ 

Now, we discuss the homogenization of H{p) for p G [P, Q] fl A^. 

(I) If p G (P, Q) and H2{p) ^ m, by the fact m < M_ and 

max{Pi(p),P3(p)} ^ H 2 {p) 
we have Pi(p) < M, by (3.2), H{p) = Hi{p). 

(II) If p G (P,Q) and lR{p) ^ M, then by (3.4), H^{p) ^ M > m. By (3.3), H{p) = lh{p). 

(III) By Corollary 12.81 we have 

H{P) = iRiP) and H{Q) = 1 R{Q) 

In all, for any p G R, either H{p) = Pi(p) or H{p) = Hs{p), so 

H{p) ^ min{Pi(p),P3(p)} 

On the other hand 

H{p) ^ min{Pi(p),P3(p)} 

So, we have proved: 

H{p) = min { Pi (p), P3 (p)} 
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□ 


6.2. Right Steep Side: M > m and Q ^ P. Define 


Hi{p,x,u) 


H{p,x,u) p^Q 

C\p - Q\ + H{Q,x,uj) p>Q 


{ —C\p\ + H{0,x,uj) p<0 

H{p,x,u) 0 ^p ^ P 

—C\p — P\ + H{P,x,u) p>P 


H3{p,x,u) 


H{p,x,u) p^Q 

C\p - Q\ + H{Q,x,u) p<Q 



Figure 4. Right Steep Side 


Lemma 6.3. Assume both Hi{p,x,u) and H^{p,x,uj) are regularly homogenizable for allp G R, 
then H{p,x,u) is also regularly homogenizable for allp and 

{Hi{p) 

H{p) = \ niin{ihi(p),ih3(p),M} p e (0, P) 

[P3(p) p^P 

Proof of the periodic case for middle eguality. For p G (0, P), we have the cell problem 

H{p + v'{x),x) = H{p) 

If p + v'{x) ^ Q, Vx G [0,1] or p + v'{x) Qfix ^ [0,1], then P(p) = P\[p) or P(p) = H^{p). 
Otherwise, by the assumption that M > m, we have p + v\x) G [0, P], Vx G [0,1]. 
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There is some Xq G [0,1], such that H(Q,xo) = min max H{q,x) = M. So we have H{p) = 

X (?e[o,P] 

H{p + v' (xq), Xq) ^ M. Thus 


H{p) ^ mm{Hi{p),H3{p),M} 


If H{p) < M, then by Lemma [4.11 we have either p + v'{x) ^ Q, Vx G [0, 1] or p + v'(x) ^ 
Q,Vx G [0,1] and so H(p) = Hi{p) or H{p) = H^{p). 


□ 


Proof of random case. STEP 1: Proof of the hrst equality. Dehne 

f{6):= ess sup [H{6Q,x,uj)] 

{x,LlJ)£'R.XQ 

Then /(O) = 0, /(I) ^ M > m > 0. 

By the continuity of /, there is some 9o G (0,1), such that 0 < /(^o) < M- 
For any p ^ 0, A > 0, let vi^\{x,p,u) be the solution of the equation 

Aui^a + Hi{p + x,u) = 0 

Apply Lemma Wf]\ to (p, 6*oQ, Q) and iLi(p, x, cu), then for a.e. ca G hi, we have: for any i? > 0, 
there exists Aq = Xo{R,p,u) > 0, 

0 < A < Ao ^ ^ Q 2:G[-f,f] 

Then by the dehnition of Hi{p,x,u)), we have 

Ani,A + H{p + ni x,u) = 0 x E [-f, f ] 

For any A > 0, let vx be the unique viscosity solution of the equation 

Aua + H{p + v'x,x,u) = 0 X G R 
By Lemma ESI there is (P = C(p) > 0, such that 

C 

|AnA(0,p,a;) - Ani,A(0,p,a;)| ^ — 

Since R can be chosen arbitrarily large, 

lim — AnA(0,p, cj) = lim — Aui a(0,p, cu) = Hi{p) 

Thus, H is regularly homogenizable at p and 

H{p) = Hi{p) p ^ 0 

STEP 2: Proof of the third equality. Similar as the proof of Step 1. 

STEP 3: The second equality. 

(3.1) Claim: For po G R, if iLi(po) < M, then H{p,x,u!) is regularly homogenizable at po 
and iL(po) = Tfi(po)- 

Proof of (3.1) Claim. By the dehnition of iLi(p,x, cn), Ri(po) < M. implies p < Q(since 
Hi(p) ^ M for p ^ Q). For each ca G 12 and A > 0, let nA(x,po,<^) and ni,A(x,po,ta) be 
solutions of the equations 

\vx + H{pq + v'x,x,u}) = 0 \vi^x +Hi{Po + v[^x^x,u) =0 

By Lemma l4Tl for a.e. a; G 12, we have: for each i? > 0, there is Ai = Ai(i?,po,Ci;) > 0, such 
that 

0 < A < Aq Po + v'l x ^ Q ^ ^ [~X’ x] 
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So 


\vi^x ++ = Q 

By Lemma there is C = C(po) > 0, such that 

C 

|Aua(0,Po,cu) - Aui,a(0,Po,c<j)| < ^ 

Since we can choose arbitrary large i?, we have that 

lim -Xvx{(^,Po,uj = lim -Ani,A(0,po, ^ = h^i(po) 

A^O A^O 

Thus H{p,x,u) is regularly homogenizable at po and H{pq) = Hi{po). □ 

(3.2) Claim: For pq G R, if H^{j)q) < M, then H{p,x,u) is regularly homogenizable at po 
and H{po) = H^ipo). 

Proof of (3.2) Claim. The proof is similar as (3.1) Claim. □ 


(3.3) Denote 

qi = min [p G [0, P]\Hi{p) = M} q 2 = max [p G [0, P]|iL 3 (p) = M } 

(3.1), (3.2) H{p,x,u)) is regularly homogenizable for p G (0,gi) [j{q 2 ,P) and 

= Pe(0,gi) 

\h,{p) peiq2,P) 

By Corollary 12.81 H{p,x,uj) is regularly homogenizable at qi and q 2 and 

H{qi) = Hiq2)=M 

(3.4) Claim: H 2 {p,x,u) is regularly homogenizable at qi and q 2 , moreover, 

:^(gi) = ir2{q2) = M 

Proof of ( 3 . 4 ) Claim. By the dehnition, we have qi,q 2 G (0,Po)- For any a; G D, A > 0, let 
vx{x,qi,u)) and V 2 ^x{x,qi,u)) be solutions to the following equations 

Xvx + H{qi + v{,x,uj) = 0 Xv2,x + -^ 2 ( 5 ^ + V2^^,x,u) = 0 

By the fact that 

H{qi) = M > max{esssup H{0, x, oj), Pi{P, x^u)} = m 

{x,U)) 


By Lemma ITTl then for a.e. a; G D, for any P > 0, there is A2 = X 2 {qi,R,uj) > 0, 
0 < A < A2 0 ^ gj + vx{x,qi,u) x e 

So we have 


Xvx +H2{qi +v’^,x,u}) = Q a:G[-f,f] 
Apply Lemma [231 there is some constant C = C{qi) > 0, such that 

C 

|AnA(0,gi,a;) - An2,A(0) ^ 

We can choose arbitrary large R, so 


lim-An2,A(0>?uw) = lim-AnA(0, g*, cu) = H^qf) = M 

A^O A^O 

Thus, H 2 {p,x,uj) is regularly homogenizable at g^ and H 2 {qi) = M_. □ 
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(3.5) Denote 

M{x,U!) := jnax Mj{x,U!) 

k^j^L 

j¥=k 

Then we have 

M := ess inf M(x,u) C M 

(a:,a;)GRx Q. 


By Lemma 12.61 without loss of generality, we can further assume M < M. This means that 
E[M(x, a;) < M] > 0. Denote H{p,x,uj) := —H 2 {qk,o —p,x,uj) + M. 

If wx{x,p,u) is a viscosity solution to 

Xwx + H 2 {p + w'x,x,uj) = 0 

Then wx{x,p,u)) := —wx{x,p,u)) is a viscosity solution to 

Xwx + H{qkfi - p + w'x,x,u) + M = 0 

Apply Lemma IT^ to H{p,x,u)), we deduce that Tr 2 |[gi,g 2 ] = M.- 
(3.6)For each p G [gi,( 3 ' 2 ], let vx{x,p,u) be the solution to 

Xvx{x,p,uj) + H{p + v'y^{x,p,uj),x,uj) = 0 

By that fact that H{p,x,u) ^ H 2 {p,x,u), we have 

Elcj G D| liminf —AnA(0,p, cu) ^ M] = 1 

A^O 

We only need to show 


E[ci; G D| limsup —AnA(0,p, w) ^ M] = 1 

A^O 

(3.7) Dehne H2{p,x,uj) as following: 


H2{p,x,uj) 


H2{p,x,uj) p G (-CX), 0) U (P, oo) 

concave envelope of H2{p,x,u))\pQ[o^p] p G [0,P] 


By dehnition, H2{p,x,u)) is determined by those stationary functions: mi{x,u), Mj{x,u)), 
1 ^ i, j ^ L, so H 2 {p, X, u) is stationary. Then by the theory of level-set convex homogenization, 
H2{p,x,uj) can be homogenized to some level-set concave effective Hamiltonian H2{p) ^ M . 
Since H2{p,x,uj) ^ H2{p,x,uj), there exists gl < % such that [^1,^2] C [$1,^2] and ^2(^1) = 

^2(^2) = M_. By level-set concavity, P2|[gi,5'2] = M.- 
Denote 


H2{p,x,u) = mm{H2{p,x,u),M} 


Then H2{p,x,uj) has a level-set concave effective Hamiltonian H2{p) with 


-^2 I [qi ,92] M- 

For any pi G [gl, g2] and A > 0, let vx{x,pi,uj) be the solution of the equation 

XV2,X + H2{pi + 1^2,A) x,uj) = Q 


lim inf —Xv2xix,Pi,u))^M 

X^OxGBr 


We will have 
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H{p,x,u) = 


Since pi < P and 0 < m < M, by Lemma [4.li we have that: for a.e. ca G any R> 0, there 
is some Aq = Ao(-R,pi,a;) > 0, when A < Aq, 

0 ^ pi+h'2,A(^,PD^) ^ ^ xG[-f,f] 

Dehne 

H{p,x,u) p G (—oo, 0) U (P, cx)) 

H2ip,x,uj) pG[0,P] 

For each a; G and A > 0, let v\{x,pi,u)) be the solution of the equation 

Xvx + H{pi + tfx, x,uj) = 0 

Thus 

\V2,X +H{pi + v'2^^,x,u) = 0 

By Lemma [231 there is some constant C = C(pi) > 0, such that 


AnA(0,pi,a;) - An2,A(0)PD^) 
We can choose arbitrary large R, so 


C 

< — 
R 


lim — AnA(0,Pi, w) = lim —Xv 2 a(0,Pi, u) = M 

A^O A^O ’ 


This means that 


H\ 


[qiM 


= M 


By the fact that H{p,x,u)) ^ H{p,x,u)), we have 


E[a; G r2| lim sup —AnA(0,p,a;) ^ M] = 1 

A^O 


This completes the proof. 


□ 


Lemma 6.4. Let H{p,x,u) be constrained Hamiltonian that satisfies (A1)-(A3) and M_ = 
fn, then there is a family of Hamiltonians {Hn{p,x,u))}n£-N, each Hn{p,x,u) is a constrained 
Hamiltonian and satisfies (A1 )-(A3), moreover, we have > mF and 


\Hn{p,X,Uj) - H{p,X,Uj)\\L<->{RxRxn) ^ - 


n 


Proof. For each n G N, dehne the function 

p-ik 


P e [qk,Pk] 


hn{p,x,u) : = 


- niZ^p^) + i Pe{pj:,qk-i) 
0 elsewhere 


And dehne 


Hn{p, X, uj) := H{p, X, uj) - hn{p, X, uj) 


Since qk{x,u), p^{x,u) and qk-i{x,u)) are all stationary, Hn{p,x,uj) is also stationary. By the 
construction, we have 


mn = m -= M-< Mn -< 

n n - n - 
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Moreover 

\\Hn{p,x,u:) - i^(p,a:,a;)||Loo(RxRxO) = - 

n 

□ 

Remark 6.5. In LemmaEH if those Hn{p, x, uj) are regularly homogenizable for all p G R, then 
according to Lemma [2.61 H{p,x,u) is also regularly homogenizable and H{p) = lim Hn{p)- 

n—^oo 

Remark 6.6. The point of Lemma 1^^ Lemmaand Lemma 1^7^ is: to prove the homogeniza¬ 
tion of constrained Hamiltonian H{p, x, uj) with index (0, L) and has small oscillation, it suffices 
to study the homogenization of constrained Hamiltonian H{p,x,u) with index (0, L) and has 
large oscillation. 


7. Auxiliary Lemmas for Large Oscillation 
7.1. Existence Lemma. 

Lemma 7.1. Let Hamiltonian H{p,x,uj) satisfy (A1)-(A3) and he constrained with index 
(0,L), then for any /i ^ 0,a; G hi, there is a Lipschitz continuous viscosity solution u{x,uj) to 
the equation: 

\u' ^ 0 

Proof. Fix /i ^ 0 and cu G hi. By (A2), there exists po > 0, such that H{pq,x,u) > p. Since 
H{0,x,u) ^ /i, M+ := PqX is a super-solution and U- := O is a sub-solution for any constant C. 

STEP 1. Fix a G R and let Ca '■= Poa, then 

R+(a, uj) = u_{a, uj) and u+{x, uj) > u_{x, uj) \/x G (a, cxo) 

Define 

Ua{x,Uj) := sup{v{x,uj) E C{[a,Oo))\H{v',X,Uj) ^ p,Ca ^v{x,Uj) ^ Pqx} 

V 

Then 

{ H (m'„, x,uj) = p X E (a, oo) 

Ua{a,uj) = Poa 


STEP 2. Fix any a < b, denote 

w{x,Uj) := Ua{x,Uj) + [Uh{b,Uj) — Ua{b,Uj)] X ^ b 


Then 


H{w',x,u) = p X E {b,oo) 
w{b,uj) = pob 


So Ub{x,u) ^ w{x,uj) on [6, oo). Denote 


Ua{x,u) := 


Ua{x,Uj) 

Ub{x, u) - Ub{b, u) + Ua(b, u) 


X G [a, b] 

X G {b, oo) 


PqX ^ Ua{x, Uj) ^ Ua{x, Uj) ^ Ca, X E [o, Oo) 


Then 
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On the other hand, by the construction, Ua{x,u)) is a sub-solution, so Ua{x,u)) ^ Ua{x,u). 
Thus Ua{x,u)) = Ua{x,u)), which means 

{Ub{x,u) - Ua{x,u)) |(b,oo) = Ub{b,u) - Ua{b,Uj) 

The above equality is true for any a <b, this also implies u'^{x,u) ^ 0. 


STEP 3. For any n e Z, then 

Un{x,Uj) — Un{0,Uj) = Un+l{x,Uj) — Un+l{0,Uj) Wx ^ U + 1 

For any x G R let m := [x\ and dehne 

u{x,u) := Um{x,u) - Mm(0,a;) 

So u{x,u)) is a well dehned Lipschitz function on R and it is the solution of the equation 


H{u', x,u) = jj, 
u' ^0 


x e R 


□ 


7.2. Decomposition Lemma. 

Lemma 7.2. Let H{p,x,u)) satisfy (A1)-(A3) and be constrained with index (0,L). Let u be 
a Lipschitz continuous viscosity solution of the equation 

{H{u\x,uj),x,uj)=p'^t) 

'yu'{x,uj) ^ 0 

Then there is a sequence {bi}i^z, such that 

lim bi = ±cx), u e li = {bi, k+i) 

i^ztoc 


u'{x,uj)\p = i>ki,{x,L 0 ){T) for some ki e {1,2, ■■■ ,2L + 1} 
Proof. Fix cj G O and omit the notation u. 


STEP 1. Claim: for each a; G R, there exist (5a; > 0 and lx,rx & {1,2, ■ ■ ■ ,2L + 1}, such that 


u'iy) 


ye{x-6x,x) 
y^{x,X + dx) 


Just prove the hrst equality, since the proof for the second one is similar. Suppose this is not 
true at some xq, then there exist two sequences Xn —t Xq and pn ^ Xq , 1 ^ /c 2 < ki ^ 2L -|- 1, 
such that 


Xi <yi < X2 <y 2 < ■ ■ ■ < Xo u\yn)=lfk 2 ,yAT) 

Case 1: fci ^ ^2 -l- 2. Then there is a branch between the fci-th branch and the k 2 -ili branch. 
So there exist a < b, such that u\xn) < a < b < u'{yn)- 

Fix any p G [a,b], then u{x) — px is decreasing(increasing) around Xniyn)- So, u{x) attains 
local minimum (maximum) at z~ G (x„, y^Af G (?/„, x„+i)), then H{j), zf) ^ /i ^ H{p, z~), and 
thus there is z^ G [z~,zf] with H{p,Zn) = p- By the fact lim Zn = Xq, we have H(j),xq) = p. 

n^oo 

This is true for any p G [a,b] and this contradicts to the fact that H{p,x,uj) is constrained. 


Case 2: ki = k 2 + 1, without loss of generality, let fci = 2, ^2 = 1. 

If mi(xo) < p, by the similar argument used in Case 1, we get a contradiction. 
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If mi{xo) > /i, there is some h > 0, s.t. mi{-)\(^xo-s,xo) > /^) let Xn G (xq — S,Xo), then 
fi = H{u'{xn),Xn) ^ H{pi,Xn) > /i, which is a contradiction. 

If mi^xo) = /X, since mi{x) has no cluster point, there is some h > 0 such that /x ^ {mi{x)\x G 
(xo — (5,xo)}. By the above discussion, < /^- Let <h(x) := xx(x) — pix, then 

<h'(x„) < 0 and $'(x/n) > 0, so there is some Zn G {xn,yn) where <I)(x) attains local minimum. So 
= H{pi, Zn) ^ /X, since Zn G (xq — S, Xq) when n ::§> 1, we get the contradiction. 

Thus, the Claim is proved. 


STEP 2. Denote: A := {x G Il\lx 7^ r^}. By the above arguments, we see that A has no cluster 
point. Then there is a sequence {bi}i^z such that bi < bi+i, A C and lim bi = ±oo. We 

2^dlCO 

will have n, = Thus xx'(x) = ^ 

□ 


7.3. Homotopy between solutions. Let H{p,x,u) be constrained with index (0,L), for sim¬ 
plicity of notation, we omit the dependence of u. Let / G L°°(R) and any solution of xx'(x) = /(x) 
is a viscosity solution to 

|xx' ^ 0 

By LemmeO, let ai < 02 < 03 and f{x)\(^ai,ai+i) = 'tphAy), fc* G {1, 2, • • • , 2L l},x = 1,2. 
Denote k = min{/ci, ^2} and dehne 


fix) 


/(x) xGR\(ai,a 3 ) 
fJkAk) a; G (01,03) 


Lemma 7.3. Assume /x ^ {mi(x), M,(x)|l ^ i,j ^ L,x G (01,03)}. Then any solution of 
u' = f is also a viscosity solution of 


H{u'{x),x) = /X X G R 


Proof. Similar to the proof of A.3 in |3]. 


□ 


Let / = (o, b), and fi, f 2 G L°°{I), fi f 2 - Assume solutions of 


xx'i = /i X G / 


and 


^2 = f2 xel 

U2ia) = 0 


xxi(o) = 0 

are both viscosity solutions of the equation 
( 7 . 1 ) H{u',x,uj) = p xgJ 

Then xx 2 (a^) ^ 'ni(x) ^ U2ix) — U2ib) -|- xxi(&). Fix any c G [u2ib), Ui{b)] and dehne 

Uc,*ix) ■= max{xx2(3;), Mi(x) — xxi(&)-|-c} 
xx'^’*(x) := min{xxi(x), xx 2 (a^) — W 2 (&) + c} 

Dehne the set 

W := {to G W^’°°{I)\H{w',x,uj) ^ /X and Uc,*ix) ^ w{x) ^ xx'^’*(x)} 

And the function wdx) := sup w{x). Denote 

wGW 


P'iifi,f 2 ,c){x) ; = 


w'^{x) if Wc is diherentiable at x 
0 otherwise 



RANDOM HOMOGENIZATION OF COERCIVE HAMILTON-JACOBI EQUATIONS IN ID 


27 


Then Uc,*{x){u'^’*{x)) is a viscosity sub(super)solution to equation fl7.ip . By Perron’s method, 
Wc{x) is a viscosity solution of the equation 


H{w'^{x),x) = /i 
Wc{a) = 0,Wc{b) = c 


X e (a, b) 


Lemma 7.4. Fix a < b, 0 < e < let fi, f 2 G L°°{a — e,b + e) such that 

fiix) ^ f 2 {x), X e {a - e,b + e) fi{x) = f 2 {x), x G {a - e, a)[j{b,b + e) 


Suppose any solution of 


K{x) = fi{x) xe{a-e,b + e) 


i = 1,2) is a viscosity (sub-)solution 


Ui{a) = 0 

of the equation: H{u',x) = /i. Fix c G [u 2 {b),ui{b)], then any solution of the equation 


v'{x) = 


fiix) = f 2 {x) X e {a-e,a)[j{b,b + e) 
J^iifij 2 ,c){x) X e I = {a,b) 

is a viscosity (sub-)solution of the equation 

H{u'{x),x) = /i X G (a — e, fe + e) 
u{b) = c 

Proof. Same as the proof of Lemma A.4 in [1]. 


□ 


8 . Homogenization of Hamiltonian with Large Oscillation 

In this section, the Hamiltonian is assumed to satisfy (A1)-(A3), be constrained(c.f. Dehni- 
tior l3.2p with index (0,L) and has large oscillation(c.f. Dehnition 16.11) . 

8.1. Admissible decomposition and admissible functions. Recall [3Tl 13.21 and denote 

m := essinf m(x, cj) M := esssup M(x,a;) V = {m, M)\\f),oo) 

(x,Uj) 

Definition 8.1. Fix any p G P and cj G H, a collection of disjoint hnite intervals {/j}jgz is 
called a (/i,a;) admissible decomposition of R if the following (1),(2) and (3) hold. 

(1) A ) UjgZ 

(2) /i G ^ ^ L}. 

(3) p ^ {mj{x,uj),Mj{x,cj)\l ^j^L,xe ( 0 ^, 6 *)}. 

Remark 8.2. Since F[{p,x,u) is constrained and has large oscillation, such {Ajigz exists and 
is unique. By (Al), for any 1 / G R, {A — y}i^z is the (/i, TyOj) admissible decomposition of R. 

Definition 8.3. For hxed ca G H and /i G P, let {Jj}jgz be a (/i,a;) admissible decomposition of 
R, then / : R —)■ R is a (/i, cu) admissible function if following (1),(2) and (3) hold. 

(1) 0 ^ f{x) ^ max{p ^ 0\H{p,x,u) ^ M}. 

(2) For each i G Z, f{x)\i^ = for some ji G {1, 2, • • • , 2L + 1}. 

(3) Any solution of u' = /(x) is a viscosity solution of the equation 


( 8 . 1 ) 


F[{u'{x),x, Lv) = fJ. 
u' ^0 


X G R 
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Definition 8.4. For /i ^ 0 and cj G define 

{ {All (/i, cu) admissible functions } /i G "P 
V^2L+i,x(f) 

V^i,x(/w) /i ^ M 

Lemma 8.5. Afj_ (cu) ^ 0. 

Proof. Fix cu G fl, by Lemma 1741 there is a viscosity solution u{x) of the equation fl8.ip . 
By Lemma [721 there is a strictly increasing sequence such that 

lim bi = ±oo; u G 6i+i)), i G Z; u {x)\(^b^^bi+i) = f^kiAp), ki ^ {1,2, ■ ■ ■ ,‘^L + 1} 

i->-±oo 


Let /i G P and {Ij}j^z be the (/i,cu) admissible decomposition of R. By refinement, we may 
assume that for i G Z, {bi,bi+i) C G Z. For each j G Z, denote: s{j) = mm{ki\{bi,bi+i) C 
Ij}. And define f{x,u) := 'ips{j),xip),x G Ij = (aj,aj+i). By Lemma 1721 any solution to u' = f 
is a viscosity solution of the equation fIS.ip . 

Thus / G .4,^(cu). If /i ^ P, it is clear that .4,^(cu) ^ 0. 

□ 


Definition 8.6. For each cu G and /i ^ 0, denote 

= sup{/(a:)|/ G A^{uj)} f {x,uj) = mi{f{x)\f G A^{uj)} 

Lemma 8.7. (1) For any fi ^ 0 and cu G ff, f Ax, u), f (x,cu) G .4,^(cu). 

{2)f^[x,uj) A f JyX,uj) and both of them are stationary. 

Proof. (l)Fix any fi A ^ and cu G For any point xq G R, since H{p,x,uj) is constrained with 
index (0, L), there are fr G .4,^(cu), 5^ > 0 and kr E {1,2, ■■■ ,2L + 1}, such that 

f ^)\(xo,XO+Sr) fr{x)\(^X 0 ,X 0 +Sr) Akr,x{p) 

Similarly, there are fi G .4,^(cu), 5; > 0 and fc,. G {1, 2, • • ■ , 2L + 1}, such that 

f lj.i^y^)\(xo-Si,xo} — fr{x)\(^xo-Si,xo) = Aki,x{p) 

(1) If ki = kr = k. Then 'ipk,x{p) is continuous on (xq — 5i,Xo + Sr). Since H{Ak,x{.p)iX,uj) = /i, 
any solution of u' = ipk x{p) is the solution of the equation: H{u', x, cu) = /r, x G (xq — Si, Xq + Sr) 

(ii)If h < kr. It suffices to check any solution to u' = /^ is a viscosity sub-solution at xq. This 
follows from the following fact: [7{x^)J{xo)] = [fr{xo), Mx^)] C [fi{x^), fiix^)]. 

(in)If ki > kr- It suffices to check any solution to u' = /^ is a viscosity super-solution at xq. 
This follows from the following fact: [/(%),/(xd")] = [fi{xo), fr{x^)] C [fr{xo), fr{x'f)]. 

So ff,ix,u) G Af,{u). Similarly, l^ix,u) G .A^(cu). 

(2) By definition, / (•,cu) ^ / (^cu). By Remark 1821 for any |/ G R, 

P" - fL 


f{x,TyUj) = sup{/(x)|/(x) G .^^(rj^cu)} = sup{/(x)|/(x - y) e Ay{uj)} = f{x + y,uj) 
Similarly, /(x, r^cu) = /(x -|- y,uj) for any |/ G R. 


□ 
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8.2. Intermediate level set of the effective Hamiltonian. 


Lemma 8.8. Let H{p, x,uj) satisfy (A1)-(A3) and be constrained with index (0,L). If p > M, 
then for a.e. u eQ, the following is true: for any f{x) G A^{u!), there is a sequence of intervals 
{Jk}kez such that 

Jk (Cfc) Ck+l)i 1 J [Cfc; R, lilll Cfc itoo, f\j 2 k (/^) 

k^±oo 

k^Z 


Proof. By Lemma [2.51 for a.e. ca G 12, M = essinf M{x,uj). Denote 5 := /i — M and e := |. By 

xeR ^ 

ergodic theorem, 


lim — 

L—)-dlOO Zj 



^ z,M(z,lj)<M-\-€\ 


{x)dx 


E [M(0, •) < M + e] > 0 


So, almost snrely, there is a seqnence Xi = Xi{u)), snch that lim Xi = 

i^zLoo 


a.e. cj G 12 


±cxo, M{xi,u) < M + e. 


By continnity of M{x,u) in x, for each i, there is Si > 0, snch that: M{x,u)) < M + e,a: G 

(xj - Si,Xi + Si) 

Denote C 2 k ■= Xk - Sk,C 2 k+i ■= Xk + Sk,Jk ■= (cfc,Cfc+i). Then f{x)\j^i_^ = '0i,(x,a;)(h) follows 
from the fact that: H{f{x),x,u)) = /i > M + e > M(x,a;)|j 2 j., a.e. cj G 12. 

□ 

Lemma 8.9. Let H{p,x,u) satisfy (A1)-(A3) and be constrained with index (0,L). If 0 ^ 
fi <m, then for a.e. w G 12, the following is true: for any f{x) G A^{uj), there is a sequence of 
intervals {Jfcjfcez such that 


Jk (Cfc, Cfc-|-i) , I J [Cfc, Cfc-|-i] R, lim Ck ioo, f\j 2 k ' 4 ^ 2 L+l,xi_p) 

fc->-±oo 

fcez 

Proof. Similar argnment as Lemma [8.81 


□ 


Lemma 8.10. Let H{p,x,u)) satisfy (A1)-(A3) and be constrained with index (0,L). Fix any 
p ^ 0 and p G x))du, /^(O, uj)duj\, there is a stationary function f{x, a;) : R x 12 —)■ R 

such that 

(^)P = 

(2)For a.e. a; G 12, any solution to u' = f{x,u) is a solution of the equation: H{u',x,u)) = p. 

Proof. Snppose v/{x,u) = f^{x,u)) and u'{x,u)) = f^{x,u)), Lemma [H2] implies H{v!,x,u) = 
p,H(l]f,x,uj) = p. Fix cj G 12, according to Lemma 15751 and Lemma ESI there exists a seqnence 
of intervals {/fcjfeez, h = {0'k,o,k+i), snch that lim = ±cxo and 

k^zLoo 


= fu{x,uj),x G hk f,(x,u) ^ f Jx,uj),x G hk+i 


Denote 




I'O-i + l 


^i = / f„is,uj)ds di = / f {s,uj)ds 


—u 


For each t G [0,1], dehne /* : R x 12 —)■ R by 


li^{x,uj) = f^{x,u) xEhi 

J^hi+i (7m’ + (1 - t)di) X G hi+i 
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So ft{x,u!) is stationary and 

nai nai _ 

/ ftix,u)dx= tf^{x,u) + {l-t)l^^{x,u)dx 


’ ao 


' ao 




By (A2), / and / are bonnded. Then there is some constant C > 0, snch that 


—M 


\Cli (ZqI 

Thus 


ft{x,u)dx- / fs{x,cj)dx 


' 0,0 


' OQ 


= |t — s| 


' OQ 


lim — 

Tj —^ oo J j 


ft{x,uj)dx- / fs{x,uj)dx 


l^{s,uj))ds 


^ Clt-sl 


^ C|t-s| 


By ergodic theorem, for a.e. cn G 

lim y [ ft{x,uj)dx = E[ft{0,uj)] lim y [ fs{x,uj)dx = E[fs{0,uj)] 

- - • • L^oo L 


L —^oo ^ 


Then |E [ft{0, cn)] — E [/^(O, co)]! ^ C |t — s|. So E [/t(0, cn)] is a continuous function of t, thus 

U E[/t(0,a;)]= [ f{0,u;)du;, [ J^{0,u;)duj 
te[o,i] Jn 

So for any p e [J^l^{0,u)du, ^{0,u)du}], there is t = t{p) e [0,1], s.t. E[/t(0,a;)] = p. 

Let u be the solution of u' = ft{x,u)). By Lemma [731 m is a solution of H{u',x,u)) = p. 

□ 

Lemma 8.11. Let H{p,x,u)) satisfy (A1)-(A3) and he constrained with index (0,L). Fix 
cn G 12, assume pm h fm{x) G A^^{uj). Then we have the following hold. 

(1) If p G V, then limsup/m(a^) G and lim inf fm{.x) G A^{u). 

m—>oo m—>oo 

(2) If m ^ 0 and p ^ m, then except a countable set, 

lim sup/^(x) = lim inf fm{x) = ^p 2 L+l,{x,u){T) 

m^oo m—>cxD 

(3) If p ^ M, then except a countable set, 

lim sup fm{x) = lim inf /^(x) = '0i,(x,a;)(h) 

m—>oo m^oo 

Proof. Only prove f{x) = hmsup/m(a:) G A^{u). The proof for lim inf is similar. 

m—^oo 

(l)Let {/i}jgz be the (p, u) admissible decomposition of R. Fix /c G Z and e 1, there is iV G 
N, whenm > N, pm ^ {mi{x,u), Mj{x,uj)\l ^ i,j ^ L,x G (a^+e, afc+i-e)U(afe+i+e, afc+ 2 -e)}- 
There are /, /, g, g G {1, 2, • • • , 2L + 1}, {fi„}n;ii and {fgjn^i, such that 


fin{x) = 


xe{ak + y afc+i - i) 
fk,{x,uo)iT) X G (afc+i + i, ak+2 - 


fqSx) = 


f^q,(x,u}){p) X G (cZfc + ^,ak+l 
’ 0 q,( 3 :,aj) (h) X G (Ofc-|_i T ~, 0^+2 


fix)\p = f^i,{x,uj){p) /(a:) 14+1 = 'lpq,{x,o.){p) 

It suffices to show that the solution of m' = / is a viscosity solution of fl8.ll) at Ok+i- 
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Define ui G W^'°°{ak,ak+ 2 ) and Uq G W^'°°{ak,ak+ 2 ) by solutions of 


Ui[X) = 


Ug[x) = 




X e Ik 
xelk+i 

By stability of viscosity solutions, ui and Uq are both viscosity solutions to 

H{v’{x),x,u:) = ^, x G (ufc, afc+2) 

The jump of / at a^+i is contained in the jump of u[ or the jump of u'^ at a^+i, so the solution 
of m' = / is a viscosity solution of fIS.ip . 

(2) Denote A = {x E R|p = mi{x) for some 1 ^ i ^ L}. Since each of mi{x,u) has no cluster 
point, A is countable. Since m ^ 0 and /i ^ m, if x ^ A, then limsup fm{x) = liminf fm{x) = 

m—>00 m^oo 

V^2L+l,(a:,aj) (/^) • 

(3) Denote B = {x E R|p = Mj{x) for some 1 ^ j ^ L}. Since each Mj{x,u) has no cluster 
point, B is countable. Since /i ^ M, ii x ^ B, then limsup fm{x) = liminf fm{,x) = ' 0 i,(x,ij)(h)- 

m—)-oo m^oQ 

□ 

Notation 8.12. For each /i ^ 0, denote = /o /^(O) In /m(0’ 

Remark 8.13. If /i 7 ^ then = 0. 

Lemma 8.14. If lim = /r, then 

m—^oo 


/ ( 0 ,n;)da; ^ limsup / f {0,u)du 


f ( 0 ,cn)do; ^ liminf / / ( 0 ,a;)da; 


m^oo JQ 


■l-Im 


Moreover, [J X^ = [go, cxo) with go = f^(0, uj)duj. 


fi^Q 


Proof. Same as the proof of Lemma 3.8 in 01 
Denote zi{x,u) := min |p ^ 0 : H{q,x,u) ^ 0 on [p, 0]}. 
8.3. Extreme level set of effective Hamiltonian. 


□ 


Lemma 8.15. Let H{p,x,u) satisfy (A1)-(A3) and he constrained with index (0,X). For any 
p E [E[z;(0, a;)], E[^(0, a;)]], there is a stationary function f{x,u) such that p = E[/(0,Ci;)] and 
any solution to u' = f is a viscosity sub-solution of H{u',x,uj) = 0,x G R. 

Proof. Since H{p,x,uj) is constrained with index (0,X), m = esssup m{x,uj) > 0. And by 

(3f,ih;)GRX O 

similar arguments in Lemma [8.81 then: for a.e. cu G D, there is {feijjgz such that 

— 3 

For each i G Z, denote zi{x,oj)doj and r* = f^{x, 0 i})dx. Fix t E (0,1), dehne a 

stationary function ft{x,u) : R x D — R by the following procedure. 

STEP 1: Modihcation on ( 62 *, 621 - 1-1 )• Denote 
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frA^,Uj) = 


{1 -t)f (X,U) +tZl{x,Uj) Xe [j{b2i,b2i+l) 






2-0 


U [^ 2 i+l 5 ^21+2] 




Since H{p, x, oj) is convex in p on {zi{x, oj), f^{x, a;)) for all x G ( 621 , ^ 2 i+i), if u is the a solution 
of the equation u' = fi^t or u' = fr^t, then in viscosity sense, we have H{u'{x, ca), x, ca) ^ 0, a: G R 

STEP 2: Modification on [ 621 + 1 , fc 2 i+ 2 ]- Define 

+ xe [ 62 i+i, 62 i+ 2 ] 


ff- = 


fl,t{x,Uj) = 


X G ( 621 , ^ 2 i+l) 


By Lemma [731 if u' = ft, then in viscosity sense, we have H{u'{x,uj),x,uj) ^ 0,a; G R. 
By similar arguments as Lemma [8.101 there is some constant C > 0, such that 

rh rh 


|6* - h 


0 | 


lim — 

L —^-|-oo ±_j 


‘ho 


ft{x,uj)dx- / fs{x,u)dx 


’bo 


ft{x,u)dx- / fs{x,u)dx 


^ C'|t-s| 


^ C\t-s\ 


So E[/4(0, ca)] is a continuous function. Since E[/o(0, ca)] = E[/p(0, ca)], E[/i(0, ca)] = E[2;i(0, ca)]. 


it concludes that |J E[/t(0, cj)] = [E[zz(0, ca)], E[^(0, cj)]]. So for any p G [E[ 2 ;z( 0 , cj)], E[/^(0, ca)]]. 


te[o,i] 




there is t = t{p), such that p = E[/t(0,a;)], then any solution of u' = ft{x,u) is a viscosity sub¬ 
solution of H{v', x,uj) = 0, x G R. 

□ 


Lemma 8.16. Let H{p,x,uj) satisfy (A1)-(A3) and he constrained with index (0,L). Then 
for a.e. u E D, we have: fix p E R, let G hP^’°°(R) be the unique viscosity solution of 

the equation: Xv\ + H{p + v';,^,x,u) = 0,x E R, then lim inf—A ua^ 0. 

A^O 

Proof. By assumption, ess inf H{0,x,u) < 0, for each (x, ca) G R x D, denote 

(a;,aj)GRx 

V{x,uj) ;= min{iL(0,x,cj),m(a:,cj)} 

Then V(x, u) ^ 0 and it is a bounded continuous stationary function. Then 

H^{p,x,u) := H{p,x,u) — V{x,uj) ^ 

For a.e. ca G D, by similar argument as Lemma [8.81 for any 5 > 0, there are 

li = {ai,ai+i) lim a* = ±cx) -6 ^ ^ 0, x E ( 02 + 02 *+!) 

2 ^±CX) 

Then lim inf —Xv\(x,uj) ^ —6. 

A^O 

x£{a2i,a2i+i) 

On the other hand, for each a; G D, there is a sequence A** ^ 0 and a constant O G R, such 
that 

—XnV\„{x,u) -E C locally uniformly in R 
So (7 ^ —5. Since 5 > 0 can be arbitrary, (7^0. Thus liminf — AfA(a:, co) ^ 0. 

A^O 

□ 


Remark 8.17. Bv Lemma l8.15l and Lemma l8.161 for anyp G [E[ 2 ;i( 0 , w)], E[/^(0, w)]], H{p,x,u) 
is regularly homogenizable and H{p) = 0 . 
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Lemma 8.18. For p G (—cxo, E[2;i(0, cu)]), H{p,x,u)) is regularly homogenizable. 

Proof. For each /r ^ 0, denote p^ = E[\I/(o,a;)(/w)], let v{x,u) be the solution of the equation 

v'{x,Uj) = -Pi, 

Then n is a sub-linear solution of H{p + v', x,u) = fi,x E R. The lemma follows from the fact 
that 

(-oo,E[2;i(0,u;)]) = lj{p^} 


Remark 8.19. From the construction of the effective Hamiltonian H{p), in the case of large 
oscillation, H{p) is coercive, continuous and level-set convex. 

Acknowledgement: The author would like to thank his advisor Yifeng Yu for his helpful 
guidance and generous support. 
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